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While resistors with memory, sometimes called memristive elements (such as ReRAM
cells), are often studied under conditions of periodic driving, little attention has been
paid to the Fourier features of their memory response (hysteresis). Here we demon-
strate experimentally that the hysteresis of memristive systems can be unambiguously
distinguished from the linear or non-linear response of systems without hysteresis by
the values of certain Fourier series coefficients. We also show that the Fourier series
convergence depends on driving conditions. These results may be used to quantify
the memory content of resistive memories, and tune their Fourier spectrum according
to the excitation signal.
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Introduction–Despite being a well-known and useful technique, Fourier analysis has been
rarely applied to resistive memories, sometimes called memristive devices3. In fact, only a
handful of publications have appeared in the literature that discuss the memory response
(hysteresis) of memristive elements by means of Fourier analysis4,5.
For instance, Joglekar and Meijome5 studied the properties of Fourier harmonics within a
particular memristive model. They demonstrated that the frequency content of periodically-
driven memristive systems depends on the driving frequency, and the role of higher harmon-
ics is more important at lower excitation frequencies. Moreover, two of the present authors
(YVP and MD) investigated the power conversion into the second and higher harmonics in
a memristive bridge, and shown that memristive bridges may provide a more efficient power
conversion compared to the diode bridges4.
However, none of these studies have identified the distinctive features of the hysteresis
in the Fourier series of individual memristive systems, compared to the response of devices
without memory. In view of the fact that Fourier analysis is a powerful tool to characterize
the response of any physical system, the question arises as to whether the hysteresis of a
memristive system showcases specific signatures in its Fourier series that distinguish it clearly
from other systems, whether linear or not, without hysteresis. Not only such a study will
provide an additional characterization tool to study the response of systems with memory,
it may also guide their applicative aspect by suggesting how these systems should be excited
by external perturbations to modify their Fourier spectrum.
In this work we will demonstrate experimentally, using commercially available memristive
devices1, that their hysteresis can be characterized by the values of certain Fourier series
coefficients, compared to their memory-less counterparts (whether linear or non-linear). We
also discuss the important effect the waveform of the driving signal has on the Fourier series,
which can be used as a tool to tune their response.
Fourier analysis–A Fourier series is a representation of a function in the form
f(x) =
a0
2
+
∞∑
n=1
an cosnx+
∞∑
n=1
bn sinnx, (1)
where a 2pi-periodicity is assumed, and the coefficients an and bn are calculated using the
well-known integral expressions2. It is analytically known2 that there are two characteristic
features of Fourier expansions7.
Feature 1: For functions with discontinuities, the n-th coefficient decreases as 1/n (a rel-
2
atively slow convergence). Feature 2: For continuous functions (possibly with discontinuous
derivatives), the n-th coefficient decreases as 1/n2. In fact, without being mentioned in the
analysis of Ref. 5, these features explain the trends reported in that work.
In our paper, we focus on passive resistive devices with very small/negligible capacitive
and/or inductive components in their response. It is assumed that the devices are deter-
ministic (noise effects are negligible), and exhibit a periodic response under conditions of
periodic driving. We compare two very different excitation signals: a sinusoidal driving
(without dc offset) and a triangular wave voltage of given frequency ω.
Experiment–The results reported in this paper were obtained using a conventional 100
Ohm resistor, a 1N4148 silicon diode, and a commercially available electrochemical metaliza-
tion (ECM) cell from Knowm, Inc.1 The latter is a memristive component, whose resistance
change is caused by a voltage-induced drift of Ag atoms through a stack of chalcogenide
layers with one of the Ge2Se3 layers doped by Cr (M+SDC Cr device). The current was
recorded as a function of voltage in quasi-static measurements (with a period of the order of
one minute) performed with a Keithley 236 source measure unit. Fourier series coefficients
were calculated using a custom code.
Results–We measured current-voltage curves of resistor, diode, and memristive device,
and used the I(ωt) dependence to find the coefficients an and bn of Fourier series, Eq. (1),
for each of these devices. Fig. 1 presents the measurement results for the resistor. In the
case of sinusoidal driving (Fig.1(a) and (b)), the result is trivial, since only b1 6= 0. Higher
bn-s harmonics appear in the case of triangular wave driving (Fig.1(c) and (d)). In this case,
we have verified that the coefficients bn(n) decay as ∼ 1/n2, as expected from Feature 2
above.
Fig. 2 presents the measurement results for the diode. We note that, as expected, the
current-voltage curves (Fig. 2(a) and Fig. 2(c)) have a strong nonlinearity characteristic of
diodes. Importantly, only even an-s and odd bn-s are different from zero. Another observation
is that the sign of the non-zero coefficients alternates. Moreover, the frequency content is
much richer for the case of the triangular excitation, including a much slower convergence.
We attempted to fit the an(n) and bn(n) in Fig. 2(b) and (d) with both the expected 1/n
2
(according to Feature 2) and 1/n. However, none of these fits converged to the data points.
This is due to the degree of non-linearity of the diode and the amplitude of the waveform
(see Eqs. (5) and (6) below).
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FIG. 1. A linear resistor driven by sinusoidal (left) and triangular (right) voltage waveforms. (a),
(c) Current as a function of ωt, and (b), (d) coefficients of Fourier series. In (d) the 1/n2 fit is also
shown. Insets in (a) and (c): current-voltage curves.
The response of the M+SDC Cr memristive cell is typical to electrochemical metalization
cells8,10. According to the inset in Fig. 3(a) and (c), the off-to-on switching occurs at a
positive threshold of about 0.2 V, while the on-to-off transition occurs at a negative threshold
of a smaller magnitude. Fig. 3(b) and (d) present the coefficients of the Fourier expansions.
Clearly, the first ones, a0 and b1, are dominant in both cases. The decay of the other
coefficients occurs slower than that in the diode, and can be fitted by 1/n, which is consistent
with Feature 1 above (the current I(ωt) has clear discontinuities, as seen in Fig. 3(a) and
(c)). Moreover, the positive and negative coefficients are now grouped into small groups,
and are not monotonically decreasing with n. A similar behavior was previously observed
in numerical simulations5. Small differences between Fig. 3(a) and (c) can be explained by
the well-known cycle-to-cycle variability of memristive devices.
Discussion–Generally, the coefficients of the Fourier series contain the entire information
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FIG. 2. A diode driven by a sinusoidal (left) and a triangular (right) voltage waveform. (a), (c)
Current as a function of ωt, and (b), (d) coefficients of the Fourier series. Insets in (a) and (c):
current as a function of voltage. In (b) and (d), the magnitude (absolute value) of an-s and bn-s is
shown in the vertical direction, while the sign of an-s and bn-s is represented by color.
about the waveform they represent. In some cases, they provide the essential information
about the initial signal in a very compact way, as in the case of the resistor. Our measure-
ments show that the Fourier content of non-linear and memristive devices can be quite broad.
At the same time, some important differences induced by memory can still be recognized.
First of all, we argue that the property of an = 0 for even n and bn = 0 for odd n is
general for devices without memory. These conditions originate from the reflection symmetry
of I(ωt) curves with respect to ωt = pi/2 and ωt = 3pi/2 lines on the intervals [0, pi] and
[pi, 2pi], respectively. Second, the features of the Fourier series coefficients (see below Eq.
(1)) can explain the harmonic content of the resistor and memristive device response. In
the case of the diode, we have observed a significant deviation of the coefficients from 1/n
and 1/n2 behavior (see below). Third, we have observed that the convergence of the Fourier
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FIG. 3. Memristive device driven by sinusoidal (left) and triangular (right) voltage waveforms. (a),
(c) Current as a function of ωt, and (b), (d) coefficients of Fourier series. In (b) and (d) the 1/n
fits are also shown. Insets in (a) and (c): current-voltage curve. In these measurements, 150 µA
current compliance was used.
coefficients is faster for a sinusoidal excitation, which makes it preferable to other waveforms,
as it provides the most compact signal representation.
Finally, for resistive devices in general, the requirement of I = 0 at V = 0 leads to some
constraints on an-s. Specifically, writing Eq. (1) for ωt = 0 and ωt = pi we get
a0
2
+
∞∑
n=1
an = 0. (2)
and
a0
2
+
∞∑
n=1
(−1)n an = 0, (3)
respectively. Clearly, the point ωt = 2pi does not lead to any new relation.
To better understand the deviation of the diode’s coefficients from the characteristic
features of Fourier expansions2, let us derive these coefficients for the case of triangular
6
Device Distinctive Fourier features Rationale
Linear resistors All coefficients are zero except b1 Fig. 1(b)
Non-linear devices without All odd an-s and even bn-s are zero Fig. 2(b)
memory (diodes, etc.)
Binary/multi-state memristive elements, Slow converging series (∼ 1/n) Fig. 3(b) and Ref. 5
slow-driven analog memristive elements
Fast-driven analog memristive elements Fast converging series (∼ 1/n2) Ref. 5
TABLE I. Summary of experimental results for (sinusoidally-driven) systems with and without
memory.
driving. Using the Shokley diode model9
I = Is
(
eαV − 1) (4)
for V > 0, and approximating the current by I = 0 for V < 0, it is not difficult to derive
the following expressions for the Fourier series coefficients:
an =
2Iskα cos
npi
2
pi
e
kpiα
2 − cos pin
2
n2 + k2α2
(5)
and
bn =
2Iskα sin
npi
2
pi
e
kpiα
2 − cos npi
2
n2 + k2α2
. (6)
where k = V0/ (pi/2), and V0 is the waveform amplitude. The deviation of the diode’s
coefficient behavior from the expected 1/n2 trend (according to Feature 2) can be explained
by the importance of the k2α2 term compared to n2 for small values of n.
Conclusion–In conclusion, we have shown experimentally that resistive devices with mem-
ory can be easily distinguished from devices without memory by the analysis of their Fourier
series coefficients. Moreover, we have demonstrated that the waveform of the driving signal
has an important effect on the Fourier spectrum. Our main observations are summarized
in Table I for the case of sinusoidal driving. The last line of this table is formulated based
on Ref. 5, which is also supported by the general tendency of smoother I(ωt) dependence
at higher frequencies (because of the reduction of the memristive hysteresis6). We believe
this work gives further support to the notion that Fourier analysis is a powerful tool to
distinguish the response of systems with memory from those without.
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